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Abstract. In this paper, we construct the symmetric tensor field and 

hfif^ on a product manifold and we give conditions under which Gf^f^ be¬ 
comes a metric tensor, theses tensors fields will be called the generalized warped 
product, and then we develop an expression of curvature for the connection of 
the generalized warped product in relation to those corresponding analogues 
of its base and fiber and warping functions. By constructing a frame field in 
Ml M 2 with respect to the Riemannian metric Gf-^^f^ and then 

we calculate the Laplacian—Beltrami operator of a function on a generalized 
warped product which may be expressed in terms of the local restrictions of 
the functions to the base and fiber. Finally, we conclude some interesting rela¬ 
tionships between the geometry of the couples (Mi,gi) and {M 2 ,g 2 ) and that 
of (Ml X M 2 , 


1. Introduction. The warped product provides a way to construct new pseudo- 
rieman nian manifolds from the given ones, see [6],[ 3 ] and [ 2 ]. This construction 
has useful applications in general relativity, in the study of cosmological models and 
black holes. It generalizes the direct product in the class of pseudo-Riemannian 
manifolds and it is defined as follows. Let and (M2,52) be two pseudo- 

Riemannian manifolds and let /i : Mi —> R* be a positive smooth function on 
Ml, the warped product of (Mi, 51) and {M2,02) is the product manifold Mi x M2 
equipped with the metric tensor gf^ := TT*gi -f (/ o 7 ri)^ 7 r 2 ( 72 , where tti and 712 are 
the projections of Mi x M2 onto Mi and M2 respectively. The manifold Mi is called 
the base of (Mi x M2,5/1) and M2 is called the fiber. The function /i is called the 
warping function. 

The doubly warped product is construction in the class of pseudo-Riemannian man¬ 
ifolds generalizing the warped product and the direct product, it is obtained by ho- 
mothetically distorting the geometry of each base M^ x {g} and each fiber {p} x M^ 
to get a new ’’doubly warped” metric tensor on the product manifold and defined 
as follows. For i G { 1 , 2 }, let Mi be a pseudo-Riemannian manifold equipped with 
metric gi, and : Mi ^ R* be a positive smooth function on Mi. The well-know 
notion of doubly warped product manifold M^ M^ is defined as the product 
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manifold M = x equipped with pseudo-Riemannian metric which is denoted 
by , given by 

3 /1/2 = (/2 o 7r2)^7rj;'5^ -b (/i o TTif-K^g^ ■ 

When the warping functions /i = 1 or /2 = 1 we obtain a warped product or direct 
product. 

The paper is organized as follows. In section 2 , we collect the basic material 
about Levi-Civita connection, horizontal and vertical lifts. In section 3 , we con¬ 
sider the metric tensors g-^ and g^ on manifolds and respectively and, for 
a smooth function /. on M., i = 1,2, we define the symmetric tensors fields ^ 

and h on x relative to g^, g^ and the warping functions /j, then 
■'1 ■'2 

we give the condition under which Gf^f^ becomes a metric tensor, this tensor field 
will be referred to as the generalized warped product metric, next, we define also 
its cometric and we compute the gradients of the lifts of /i, f^. Morever, by con¬ 
structing a frame field in Mi x M2 with respect to the Riemannian metric Gf^j^, 
then we calculate the Laplacian—Beltrami operator of a function on a generalized 
warped product which may be expressed in terms of the local restrictions of the 
functions to the base and hber. To end this section, we conclude with some impor¬ 
tant relationships related to the harmonicity of function. In the hnal section, we 

compute the curvatures of generalized warped product h. . and we conclude with 

■'1 ^2 

some important relationships between the geometry of the triples (Mi, gi), (M2,52) 
and that of (Mi x M2,hj j.^). 


2. Preliminaries. 

2.1. Horizontal and vertical lifts. Throughout this paper Mi and M2 will be 
respectively mi and m2 dimensional manifolds. Mi x M2 the product manifold with 
the natural product coordinate system and tti : Mi x M2 Mi and 712 : Mi x M2 
M2 the usual projection maps. 

We recall briefly how the calculus on the product manifold Mi x M2 derives from 
that of Ml and M2 separately. For details see [6]. 

Let (pi in G°°(Mi). The horizontal lift of ifi to Mi x M2 is ipi = ipi o tti. One 
can define the horizontal lifts of tangent vectors as follows. Let pi € Mi and let 
Xp^ G Tp^Mi. For any p2 G M2 the horizontal lift of Xp-^ to {pi,P2) is the unique 
tangent vector in T(p^_p^)(Mi x M2) such that d(p^_p,^)7ri(X'*p^_p^p = Xp^ 

and d(p^,p,)7r2(X'),^ = 0. 

We can also define the horizontal lifts of vector fields as follows. Let Xi G T{TMi). 
The horizontal lift of Xi to Mi x M2 is the vector field Xi G T{T{Mi x M2)) whose 
value at each (j)i,P2) is the horizontal lift of the tangent vector {Xi)pi to (pi,p2)- 
For {pi,P2) S Ml X M2, we will denote the set of the horizontal lifts to {pi,p2) of 
all the tangent vectors of Mi at pi by L{pi,p2){Mi). We will denote the set of the 
horizontal lifts of all vector fields on Mi by £(Mi). 

The vertical lift <P2 of a function tp2 £ C°°{M2) to Mi x M2 and the vertical lift 
X2 of a vector field X2 G T{TM2) to Mi x M2 are defined in the same way using 
the projection 712. Note that the spaces £(Mi) of the horizontal lifts and £(M2) 
of the vertical lifts are vector subspaces of r(r(Mi x M2)) but neither is invariant 
under multiplication by arbitrary functions p G G°“(Mi x M2). 
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Observe that if {,..., } is the local basis of the vector helds (resp. 

{dxi,..., dxmi} is the local basis of 1-forms ) relative to a chart ([/, <i>) of Mi and 
Igfr’ ■ • ■ ’ dy I local basis of the vector fields (resp. {dyi,..., dy^^} the local 

basis of the 1-forms) relative to a chart {V, '!') of M 2 , then ■ • ■, 

..., )’^} is the local basis of the vector fields (resp. {(dxi)^,..., (dxmi)^, (dyiY, 

..., {dym:iY} is the local basis of the 1-forms) relative to the chart {U x y, $ x d>) 
of Ml X M 2 . 

The following lemma will be useful later for our computations. 

Lemma 2.1. 

1. Let ipi G C°°{Mi), Xi,Yi G TiTMi) and ai G r(T*Mi), i = 1,2. Let (p = 
ip\ + X = X’l+X^ and a,/3 G r(r*(Mi x M 2 )). Then 

%/ For all (i, I) G {(1, h), (2, u)}, we have 

Xi{p)=X,{p,Y, [X,YI] = [X,,Y,Y and af (X) = a,(X0". 

a/ If for all {i, I) G {{ 1 , h), {2,v)} we have a{Xl) = j3{X(), then a = ft. 

2. Let u>i and rji be r-forms on Mi, i = 1,2. Let lo = oj\ + ojlf and y = yi + rff. 
We have 

duj = {duJiY + {diV 2 y and io Ay = (wi A yiY + (^2 A y 2 T ■ 

Proof. See [4]. □ 

Remark 1. Let X be a vector field on Mi x M 2 , such that d'Ki{X) = p{Xi o tti) 
and dTT 2 {X) = (j){X 2 o 112 ), then X = ipXf -|- (fXf. 

3. About generalized warped products. 

3.1. The generalized warped product, let '0 • ^ be a smooth map 

between smooth manifolds and let g be a metric on fe-vector bundle (F, Pp) over N. 
The metric : T{if-^F) x T{if-^F) C°°{M) on the pull-back F, P^-ip) 
over M is defined by 

/(t7, V){p) = g^ipYUp, Vp), V [/, y G TiY-^F), p G M. 

Given a linear connection on fc-vector bundle {F,Pp) over N, the pull-back 

connection Vis the unique linear connection on the pull-back j’) over 

M such that 

hxiWofj) =X^^W, yw GTiF), VX GViTM). (1) 

Further, let U G 'tjj~^F and let p G M, X G T{TM). Then 

{hxU){p) = (X^^UJiYip)), (2) 

where U G r(F) with U o if = U. 

Now, let TTi, i=l,2, be the usual projection of Mi x M 2 onto Mi, given a linear 

connection V on vector bundle TMi, the pull-back connection Vis the unique linear 
connection on the pull-back Mi x M 2 irf^fTMi) such that for each Yi G T{TMi), 
X G r(TMi X M 2 ) 

Vx(X,0 7r,)=V r,. 


( 3 ) 
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Further, let {pi,P 2 ) € Mi x M 2 , U £ ^{TM) and X G r(rMi x M 2 ). Then 

(4) 

Now, we construct a symmetric tensor fiels on product manifold and give the 
condition under which it becomes a tensor metric. 

Let c be an arbitrary real number and let gi, {i = 1,2) be a Riemannian metric 
tensors on Mi. Given a smooth positive function fi on Mi, we define a symmetric 
tensor field on Mi x M 2 by 

= (/2 )^M5, + © dfl (5) 

Where tt^, [i = 1, 2) is the projection of M^ x M^ onto M^ and 
df^ 0 df^ = df^ 0 df^ + df^ 0 dfi. 

For all X,Y e F(TMi x M 2 ) 

= {f^yg^^id7riiX),dniiY)) + (/f)2g-=(d^2(N), d7r2(r)) 


+c/!/I {X{f^)Y{f^) + x(/-)r(/f))) . 

It is the unique tensor helds such that for any Xi, Yi G r(TMi), {i = 1, 2) 

r if,U?g^iX„Y,y, if (*,/) = (fc,iF) 

= { ( 6 ) 

I cflf^X,{fi)^Yk{fk)^, otherwise 

where {i, I), (fc, /F), (3 -i,J)G {(1, h), (2, u)}. 

We call the generalized warped product relative to gi,g 2 and the warping 

functions fi, f 2 - 

If either /i = 1 or /2 = 1 but not both, then we obtain a singly warped product. If 
both /i = 1 and /2 = 1, then we have a product manifold. If neither fi nor /2 is 
constant and c = 0, then we have a nontrivial doubly warped product. If neither /i 
nor /2 is constant and c 0, then we have a nontrivial generalized warped product. 

Now, Let us assume that {Mi,gi), (i = 1,2) is a smooth connected Riemannian 
manifold. The following proposition provides a necessary and sufficient condition 
for a symmetric tensor field J 2 of type (0, 2) of two Riemannian metrics to be a 
Riemannian metric. 


Proposition 1. Let {Mi,gi), {i = 1,2) be a Riemannian manifold and let fi be 
a positive smooth function on Mi and c be an arbitrary real number. Then the 
symmetric tensor field Gf.,^f,^is Riemannian metrie on Mi x M 2 if and only if 

0 < c^gi{gradfi, gradfi)^^g 2 {gradf 2 , gradf 2 T < 1 - ( 7 ) 


Proof. Let {ej,...,e^^} and } be a local, orthonormal basis of 

the vector fields with respect to g^ and g^ on an open C M^ and C M^ 
respectively. The matrix of G/^/j relative to 


= 


- 1 , ' 


n+i - 


/f 


ni+l’ 


■»l+m2 


fi 


n mi+m2 -* 


has the form 

f Di cf’ff^E \ 

\ cf'ff^ *E D2 )■ 


(8) 
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Where Di = £>2 = and 

^ ei(/i)'"emi+i(/2)’' 

E= : 

We can write the matrix (8) as 


ei{fl)’"erm+m2{.f2Y 

emAflYe.m^+m2{f2Y 


Irm O 

cf’^f^ -(C/1V2 )" ^ED^^E + D2 


Di cf^f^E 

O Im. 


So 


( c/iVl ^E 

cf^HE 

D 2 

) =(/U'™^(/2)'™^det(/ 

- ^EE) 

and we compute 

/ Xdl-1 

Xd^d2 Xdid;^ ■ • ■ 

Xd\dYfi2 


Xdi d2 

— 1 A(i2^3 ■' ■ 

Xd2 djYi2 

I-c^ *EE = - 





- 1 / 


\ ^d\djYi2 Ad2dy7i2 ^d^dm2 
Where A = c2^(ei(/i)'*)2 and dj = emi+i(/ 2 )"’- 

i = l 

By a straightforward long computation using a limited recurrence gives 


(Pm) 


f d- 1 d 


det 


12 u 

13 

d d — 1 d 

21 22 23 


d \ 

Im 

d 


V d 


d d 

ml m2 m3 




det 


( d d d ■ 

/ il i2 i3 

d d—ld 

21 22 23 


i-11 i-12 i-13 

d d d 

i + 11 i-l-12 i + 13 


\ d d d 

' ml m2 m3 


d-1 / 

mm / 

d 

ii-l 

d 

2i-l 


d 

ii-i-l 

d 

2i + l 


d Xd —Id 

i-li-2 i-li-(-l 

d d d—ld 

i + li-2 i + li-1 i4-li-|-l i + li-|-2 


d 

mi + l 


(9) 


1 \ 


d 

2m 


d 

i~lm 

d 

i-f-lm 


Ad-1 / 

mm / 


= (- 


Where dy = Xdidj. 
So, 


det{Ai = det 


Di cf^f^E 
cf^f^ ^E D 2 


2m2 2m-]^ 

= ifi) iW {^-c^gii9'r’adfi,gradfiYg2{gradf2,gradf2Y}, 


(10) 


l)”"Adidi. 
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where rm {i = 1,2) is the dimension of Mi. Since, /i and /2 are non-constant 
smooth functions, then the proposition follows. □ 

Corollary 1. If the symmetric tensor field of type (0,2) on Mi x M 2 is 

degenerate, then for any i G {1,2}, gi{gradfi, gradfi) is positive eonstant ki with 


Proof. Note that if Gf^j^ is degenerate then c is non-zero real number, /i ,/2 is 
nonconstant smooth functions on Mi, M 2 respectively and we have 

gi{gradfi, gradfi)^g 2 {gradf 2 , gradf 2 y = 1. 

Since gi{gradfi, gradfi) depend only on Mi, (i = 1, 2) we conclude that gi{gradfi, gradfi) 
is constant. □ 


Remark 2. Under the same assumptions as in Proposition 1, if /i ,/2 are non¬ 
constant smooth functions on Mi, M 2 respectively and <p is smooth function on Mi x 
M 2 that satisfies ^ < \\gradf,\A\gradM^ ^ ^hen the symmetric 

tensor fields 

+ (/f )^^2*5, + © dfl 

is Riemannian metric on Mi x M 2 . 


V z,G r(rM,), 


In all what follows, we suppose that fi and /2 satisfies the inequality (7). 

Lemma 3.1. Let X be an arbitrary vector field of Mi x M 2 , if there exist G 

G°°{Mi) and Xi,Yi G T{TMi), {i = 1,2) such that 

Gf.f^X, Zf) = Gf.f^ipliX^ + Zf), 

Gf,f, (X, Zf) = h^Gf,f, (i/>|Fi^ + y>lYf,Z^). 

Then we have, 

X = ipixf + y^Yf + cf^ff {r 2 Yi{fi)^-ip^ 2 Xiifi)^} gradiff) 

- cf^n {yfY 2 {f 2 )'’-p 1 X 2 {f 2 )^} gradif^) 

Proof. At first, we put 

B = X - ifilX^ - y^Yf and Z = Z'f + Zlf. 

It suffices to observe that 

Gf^f^B,z) = {Gf,fMy2 -tU^2.z>i) + Gf.jy^ix’i-r2yi\zn} 


( 11 ) 


c/f/2 


h £V 


c/f/2 


= {{yiy2{f2) - TiXUf2))znfi) + ipUiifi) - V'2"n"(/i"))^2 (/2)} 

2 

= Ghhi{yL^yif^y - 9rad{f^_y, Z). 

With (z, /), (3 — z, J) G {(1, h), (2, z;)}. The result follows. □ 
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3.2. The Levi-Civita Connection. 

Lemma 3.2. Let (i = 1,2) be a Riemannian manifold. The gradient of 

the lifts fi of fI and fif of f 2 to Mi M 2 w.r.t. are 

gradif^) = - - {gradfi)’^- {gradf 2 Y}. (12) 


yYvk {(7^ >■ - si 1 


(13) 


grad{f^) = 
where bi = \\gradfiY Y=iY)- 

Proof. Let Zi € r{TMj, i = 1,2, then for {i, I), (3 —i, J) G {(1, h), (2, ?;)}, we have, 


Gf^fY9rad{f,Y,Zi) = 


1 




Gf, fAigradfi) ,ZJ, 


and 


3-iJ 

I ^ '7 J 


Gf . (gradif, = 0. 


Therefor, the result follows by Equation (6) and Lemma 3.1. 


□ 


Lemma 3.3. Let {M.,gi), (i = 1,2) be a Riemannian manifold and let ipi be a 
smooth function on M.. The gradient of the lifts ipA of (pi and p 2 ^ of p 2 to 
X/ 1./2 w.r.t. Gj^^^ are 


grad{pi) = { JP ] (gradpi) - c 


h ifigradpiifi)) 


fv 

J 2 

{f2gradp2{f2)f 


■gradif^). 


(14) 


grad{pl) = j {gradp 2 T “ c '"'"" gfad{fi), (15) 

Proof. Let Zi G r(rMJ, {i = 1,2) then for (i, I), (3 — J) G {{l,h), (2,v)}, we 
have, 

G. , {grad{pl),Zl) = } G. . {{gradpi)^, Zl), 


and 


i.9rad{pl),Zi_i) = 0. 


Therefor, the result follows by Equation (6)and Lemma 3.1. □ 

Proposition 2. Let {M.,^,gi), [i = 1,2) be a pseudo-Riemannian manifold and let 
fi : M. be a positive smooth function. The cometric G^^j^ of is given by 


G 


/ 1/2 


(i) <+(#) 9: + TMk[^{^^9radfiYQ[gradfiY 

+ jf^{gradf2y O {gradf2Y “ jfff(9radfiY © (grad/ 2 )''}. 

It is the unigue tensor fields such that 

jj^bjiiai, PiY + j^J^gYai,dfi)%{l3i,dYy\ ,if i = k 


G ia\,P^) = 

fl J2 




■KTpr:gi{ai, dfiYgk{Pk,dfk) ■ 


if i^k 


(17) 

for any ai,Pi G T{T*Mf) {i = 1,2 and j = 3 — i). Where gi {i = 1,2) is the 
cometrics of g, and (i, I), (k, K), (j, J) G {(1, h), (2, w)}. 
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Proof. A direct computation using Equation 6, the definition of the musical isomor- 
phismes and 

2 , , r 
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■g^{ai,df,)^grad{fi_i), 


( 20 ) 


for {i, I), (3 — i,J) G {(1, h), (2, v)}, leads to gives (17). □ 

let us compute the Levi-Civita connection of Mi M 2 associated with the 

1 2 

metric in terms of the Levi-Civita connections V and V associated with the 

metrics gi and g 2 respectively. 

Proposition 3. Let (Mi,gi), (i = 1,2) be a Riemannian manifold. Then we have 

= {^x.Yif + r^B^^{Xi,Yifgrad{f:) (18) 

Vx^Yf = (VX.E 2 )" + Y2fgrad{f^) (19) 

Xx^Yf = = -cXi{f,fY2{f,Y{r^grad{ff) + f^gradU^)} 

+ (F2(ln/J)X^ + {Xi{\nfY)%\ 

Where , (i = 1,2) the symmetric (0,2) tensor field of f^ given by 

B^^ (X„ Yi) = cfMh (X„ Y,) + cXYmifY - g^iX,, Yf), 

Rh is the Hessian of fi. 

Proof. Let Xi,Yi, ZiGT{TMi), i = 1,2. For any (i,/), (fc, AT) €{(1, h), (2, u)} we 
have 

2Gf{Vxr r/,Zf )=A/(G/,y,(r/,Zf)) + r/(G/,/,(A/,Zf ))-Zf (Gy,/,(A/,y/)) 
+G/,/, ([A/, r/], ZY) + GfRY[Z^, A/], r/) + GfR, ([Zf, r/]. A/). 

(21) 

1. Taking {i, I) = (k, K) in this formula, using Formula (6) and Lemma 2.1, we get 
2GsrY^x-YI,ZI) = 2{fi_f)\gY^xJ^.Zf))Y 

and using (6) again, we get 

GmY^x^Y/, Zl) = G/,/,((Vx.A0^ Zl). 

Similarly, taking (i, I) Y {k,K), we get 


GfRY^xbYf.ZY) = 


cXYfMf^) - 9^{X,,Yi)) 

(/f) 


GfR,{{hgradfk)^,Z^ 


K\ 


The result then follows by Lemma 3.1. 

2. Taking i Y k. 

At hrst, since V is torsion-free we have VyKXl = Vx^Y,^ + [Xi,Y,^]. By Lemma 
2.1, we have [X^Y/Y] = 0. This implies that = VyKA/. 

Using Formula (6) and Lemma 2.1, we get 

Ghh i^xiY/^, Z^) = GfR, zl ), 


Ghhi^xlYk^, Z^) = GfR, ((^l^)^Af, ZY). 

Ji 


and 
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Thus the result follows by Lemma 3.1. 


□ 


3.3. The Laplacian of the lifts to Mi and M 2 . 


Theorem 3.4. On a generalized warped product {M-^ ^/i/s -^ 21 ^/ 112 ) with = 
dimM-^ and = dimM^, Let : Mi —>■ M and : Mi be a smooth functions. 
Then the Laplacian of the horizontal lift o tti of /j^ (resp. vertical lift f^ o 712 of 
/2 ) to Mj X Mj is given by 


1 r 1 h rh^ 

Mfl ) - |^(^i(/i)) -^(^ 2 (/ 2 )) + 


61 (c(l - 7711)62 + TO 2 ) 


fh £V 

Jl J2 


2 / 1(1 - cH^ibiy ^9radfi{bi)f - ^ {gradMb,))^ 


( 22 ) 


A(/ 2 ") = 


1 


f^{l - c'^b'lbl) \ f^ 




£V 

J 2 


£h £V 

Jl J2 


2//(l-c26^6^)2 \f^ 

Where bi = Hgrad/ilp (i=l,2). 


4 : {9™df2{h2)Y - {gradfi(bi)f 


(23) 


£V 

J 2 


Lemma 3.5. Oti (M^ Xj^^^ M^,G f^f^, Y local frame field with 

respect to the metric and {e^ ..., } is t6e local frame field with respect 

to the metric g^, then is the local frame field with 

repect to the metric where 


“7 = 


Mph 

fi; ’ 


/e{l,...,mj; 

(i-cnhA-) {~'k^9radfiY + ^Tj'^ + jKe", j&{mi + 1 ,.,mi +7772}. 


(24) 


And for j S {mi + 1,..., mi + m 2 }, 


1 




1 - 

1 -c 265 *A} ’ 


J -1 j -1 

Aj — ^ ^ , Tj — ^ ^ ciiCi^ di — (^2 )* 

i—m.^-\-l 2=m^+l 


Proof. We know that G is Riemannian metric if and only if 0 < 1 - b^b^. Then 
if we choose (e^, ...,e^ } to be a local, orthonormal basis of the vector fields with 
respect to g^ on an open C M^ and ,..., } to be a local orthonormal 

basis of the vector helds with respect to the metric g^ on an open C M^, then 
the family 




fv 


M +1 


. 1 + 1 ’-’ 


ai+n 


n 


.e" } 

ri Tni + rn2 -* 


is a local basis of the vector fields with respect to G/ / on an open 0^x0^ C 

Mj X Mj. 

The gradient of (resp. ) and its norm \\gradf.^ || (resp. Wgradf^ ||) can be written 
as 


mi 

gvddf^ = y^efc(/i)efc, 

k^l 


mi 

Wgradf.Y = 

k^l 


(25) 
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mi+m2 mi+m2 

{rep.gradf^= ^ a.Ci, \\gradfj\^ = ^ a'^). (26) 

is positive definite, which implies that 

i 

>0’ (27) 


1 — c^b^ («r)^ ^ Vj e {ttIj + 1,..., + m^}. (28) 

i—m^ +1 

For the proof of the lemma it is actually almost the most interesting result because 
it provides an algorithm for constructing } from the 

family {e,,...,e^^} et 

To do so, we use a limited recurrence (The Gram schmidt process). 

At first, we put u'l = vi and = ijyJ-p-- For j G {2,..., mi, mi + 1,..., mi + m 2 }, 


Uj = Vj — j Ui)ui 

i=l 


and 



By virtue of (29), a straightforward calculation using (25) and (26) gives 

Ufc = ||wfc|| = l V/c G {1, ...,mi}, 

J 2 

for all j G {mi, ...,mi +m 2 }, we have 


and 


(gradf^)'^ + 


+ 


/“( 1-c=6?e' (a”)" 

i = mi + l 

c^b’la^ f 

-yn-V L 

(a-r) V>=-1+1 

' i=mi+l / 


1-cXE «)' 


i = mi +1 




i-c26}x; «)2 


(29) 


□ 


Remark 3. With the notations above, we have 

1) Tmi+i is the zero vector field on M^, A^i+i is the zero function on and 
Ami+m 2 is the care of the gradient of f^. 

2) For any j G {mi + 1,..., mi + m 2 } 


TM = A = 52(A,r,), 
A(/f) = -^( l-e°b}A" ) = 


fo 




(30) 
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Lemma 3.6. With the notations above, we have 


1 


mi+m2/ 


1 — 
And 


[gradf.Y =c^b^Yl JZJ 


j=mi + l\ " It/ 


2 mi+m2/ 

, ^ ^ \ II’'' 

^ 


(31) 


1 — c^b^b2 






mi+m2/ 


mi+m2/ 


ii„'i 




• (32) 


Proof. From Lemma 3.5, {Mj, ..., , •■•, } is the local frame field with 

repect to the metric then 


mi+m2 


1 


m\+m2 


grad{f^)= ^ = ( )^ ^ ep/pe^ + ^ 


j=l i=l j=mi + l 

= iaradhf + 


mi-\-m2 


fvJ ' {■pv \2 

h 1/2 J ii“j iu--- 


u'||(l-c26^Ap^ (W/l)' 




mi+m2 


fi^f: 


E 


2 ji=mi + l 


k / j fhfv / ^ 




On the other hand, by (49), we have also, 

mi+m2 


7L mi+m2 

flhe V ( 

Av ,.tr+. 


)'= E 

j=i fc—1 


2x /i 


= ||5rad(/f)r- 


/ llgrad/ill^ 

I /2 


(/2“)2(l-c26^5p- 

Substituting in the previous equation then leads to the required result. 

The second assertion can be calculated by applying Equation (31) the function 

n- □ 

Lemma 3.7. With the notations above, we have, for all j € {toi + 1, ...,mi + 7712 } 

mi+m2 / y,2 


1 


1 - c^b>lA] 


+ 0^6? ^ 




1 


^ (1 - 026^24^(1 - 1 - c26j6" ’ 


(33) 


(1 - cHlA-+,){l - c^b>lA-_,) + (c2b(-papp2 ^ 

(1 - €26^24^(1 - - (api)2)) 


(34) 


and 


mi+?7i2 


{^b'!apY: 


K) 


v\2 


(l-c2b^AV)(l-c^b'tAV.A 


1 - c2bp6^ - (ap2) 

1 — c^bbbV, 


(35) 
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Proof. Firstly, if we put Bj = I — c^b^Aj and = Bj...Bi-iBi+ 2 ...Brm+m 2 +i 

™l+"»2 , „.2 

with z > then for any 7 € {mi+ 1,mi+m 2 }, the equation+ S b‘^b — 

j • •+! 

becomes 


ni+m2 + l mi+m,2 

f c=j + l __ 

mi+m2+l 1 

k=j 


furthermore, 

mi+7n2 + l mi+m2 


ni+m2 


n Bk + c^b^J2 ia-fC^’"^^=C^’^+^{B,+i+c^b^{a])^)+c^b^Y. 


k=j + l 


Therefore, using the fact that BjC^’^~^^ = Bj+ 2 C^~^^’^~^'^, Bj+i + c^bi{a'fY = Bj 
and by induction, we have 


n.l+Tn2 + l 


ni4-m2 


a;^+m2~l 


n Sfc+cXE i?fe(i?.nx+m2 + l+cX«,+n^2)')- 


k=j + l 


k=j + l 


Accordingly, 


ni+m2 — l 


1 mi+m 2 ( v\2 n (^mi +7712 + 1 “1“ 

^ 1 „2i.h\r^ ) k=j+l 


m-^ +7712 + 1 

UBk 

k=j 


1 — c^b^blf 


For j £ {mi + 2,..., mi + m 2 }, we have 


i3,+ii?,_i + c4(6{)"(a}a+i)" = B,+^{B, + + c4(6?)+aja+i)" 

= B,+^B, + c%\{a';_,f{B,+, + c265‘(aj)2) 

= B,{B,+^+c%\{a'f_^f) 

The second assertion is true. 

The third assertion follows from Equations (33) and (34). □ 


Proof of Theorem 3.4 

The proof of the theorem is a very long calculation, that will be omitted here. 
Now, we calculate the Laplacian of the lifts /{* of /i, using Lemma 3.5. 

rMi+?7l2 

A(/f)= E G/,y,(V.,grad(/{‘),zz,) 

i=i 


mi mi+m2 

= '^Gf,f^{Vu^grad{f^),Uj) +E Gf,f^{Vu,grad{f^),Uj) 

-| mi mi+m2 .. 

= (-p)'EGAA(E^5rad(/f),e^")+E T^Gf,f,iV^,grad{f^),u') (36) 
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Calculate, the first term on the right-hand side of the last equation above 

= (ffi(Ve,-3rad/i, ej)) - {Kf, {ej,ej)f grad{f^){f^) 

= (^9i&ej9radfi,ej)j {l -cf^f29rad{f^){f^)} 

+f2 9rad{f^){f^) {l - c(ej(/i))2}^ . 

From this formula and a straightforward calculation, we obtain 

1 ( rh^h^ 1 

J2^fJ^e^9rad{f!^),e’}) |(Ai(/i))'‘+-^(c6j - mi)|. (37) 

Calculate, the second term on the right-hand side of Equation (36). Straightforward 
calculation using Lemmas 3.6 and 3.7 gives 

7711+7712 




J-'^TTli + l 


77™E377r7;D^/i/2(^ ff™rf(/f), {gradfi)^) 

1/2) (1- ^ ^1^2/ {gradfi)^ 


^ 777 1+77 72 


h\ 


(^l)hgy 2c^h^a^ 

fh\ 


So, 

777-1 +777 2 




+G/A.(VW(/f),e;)}]. 

^3 

c^b. 


i=mi + l 


(/|)2(l-c2&J&l) (grad/i 


/l^/2 (1 - i9'radf2) ) 


7771+7772 




mi + 1 


mi+m2 


+0^6^ ^ (aJ)V^„eJ(/(‘) + 2c^6^^a»(V,.e!;(/f)}. 

J=777i + 1 777i + l<7<J<777i+7772 

Since V is torsion-free and [e", e)’](/(*) = 0, we deduce that 

7771+7772 

2 ^ <aJVe.eJ(/f) + ^ (aj)V^„eJ(/f) = ^<aJVe.eJ(/f). 

777i + l<i<J<777i+7772 777i + l 777i +1 < 2, J <777i+7772 

So 

7771+7772 


1 




E (V,5rad(/{‘),^) = (V ffrad(/f), (grad/i)'') 


i=mi + l 


(/|)2(i-c2(,{6;) 


(gradf-i)^ 

mi+m2 




T. 1-f-1 < i, j < m 1 + m 2 
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Since V is compatible with G/^/j and 

^ <aJVe^eJ(/f) = -G/,/,(V gradif^), {gradhT) 


{gradf2)‘^ 


then 

Tni-\-m2 






9 / \ 1 ‘rri i+m ^ 


+- 


c^b^l 


(/i^)^(l - c^h’lbl) 
Using Proposition 3, we obtain 


Ghh ( ^ gradif^), {gradf2Y 

\gradf2)‘^ 


1 


Airhi " f 1 lA rfU^_£^tA ir (c(l-mi)6^+m2) 

na-C^b'lb-2)[f2 ' ^ /r ' AVI 


{gradfi{bi))^ - {gradf 2 {b 2 )y 


2/1(1 - c26^5^)2 \/. 

For the Laplacian of /I, just take {wj,..., ,..., } the local frame 

field with repect to the metric G/^ /^), where 


W- = 

3 


And 


1 

fl^3 ’ 


/ e { 1 , ...,mj; 


+ ef) - 77r(T3bp^(W/2)A / € {m2 + 1,m2 + mi}. 

(38) 


^ / II /||2 9 C 0291+1 ^ ^ 

W, = llioJI = --, Aj = 2^ a., Tj = 2^aie+ Oj = e^/J- 


foil- 


1 - c2&^A^ 


i=my +1 


i—rriy +1 


such that {e[,...,e'^ } is the local frame field with respect to the metric g^ and 

3 metric g^. Then 

62 (c(l - m 2 ) 6 i + mi) 1 


AV+i’ ■■■’ ®m 2 +™i ^ local frame field with respect to the metric g^. Then 


^ /f(1 -A{ts) -f + 


fh £V 

Ji J: 


I 


+ 


2 //(l - d^b^blY 


rib'^Y , 

(gradhib,))'^ + ^ {gradf2{b2)y 
J 2 Jl 


Corollary 2. If f\ and /2 are two harmonic functions, then /{* (resp. /|} is 
harmonic if and only if 

&i (c(l - mi )62 + m 2 ) ^ {62 

£V 
12 


-+ 


resp. 


AVI 

62 (c(l - m 2 ) 6 i + mi) 


2(1 - d^b^bl) I /}' ^^radfiibi)) 


(grad /2 (&2))’' 1 = 0 


{61 

TfA "2(l-c26j6-) i/f 

Proof. As a direct consequence of Theorem 3.4. 


{gradf 2 {b 2 )Y- '^^^y} {gradfi{bi)f 


□ 
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Remark 4. 1/ If for all i G {1, 2}, the gradient of fi is parallel with respect to V, 
then 

, h-. _ {l-mi)cb\bl + m 2 b\ _ (1 - 7712)06^6^ + mib^ 

Uil /'‘(/-) 2 (l-c 26 j&^) • 

2/ If tpi G C°°{Mi) (i = I, 2), then it is easy to calculate the A((/?J') and A((/32) by 
using of course Lemmas 3.5, 3.6 and 3.7. 

3/ We can calculate also, the bi-Laplacian of ifi and ip 2 - 


4. Other remarkable metric tensor on a product manifold. Let c be an 

arbitrary real number and let (i = 1, 2) be a Riemannian metric tensors on 
Mi. Given a smooth positive function fi on Mi, we define a metric tensor field on 
Ml X M2 by 

K.f. = <9, + © df^. (39) 

Where TTj, (i = 1, 2) is the projection of M^ x M^ onto M.. 

It is the unique metric tensor such that for any Xi,Yi G r(TMi), (i = 1,2) 

\ (W|, Yf) = iftrg2{X2, Y2r (40) 

[ (Xt Yf ) = {X^, Yl^) = 0 

4.1. The Levi-Civita Connection. 


Lemma 4.1. Let {Mi,gi), {i = 1,2) be a Riemannian manifold. The gradient of 
the lifts (fii of (fiI and of p 2 to Mi Xfij 2 XI 2 w.r.t. hf^^j.^ 


grad{p1) = {gradpiY - 
grad{pl) = 

where bi = ||(;rad/i |p. 

Proof. It suffices to observe that 

and so, 




1 + c-^{f^?b\ 

1 

{gradp2T, 


-{gradfi) 




/ 1./2 1 I _|_ p2^jv'j2ljh 


{gradh)\Z^), 


ZiiTi) = h.^Aigradpi) - 


h {gradAfAY 


Therefor, the result follows by Equation (40) and Lemma 2.1. 


(5rad/l)^^^)• 


(41) 

(42) 


□ 


let us compute the Levi-Civita connection of Mi X/^/^ M 2 associated with the 

1 2 

metric in terms of the Levi-Civita connections V and V associated with the 
metrics gi and g 2 respectively. 

Proposition 4. Let [Mi^gf), (i = 1,2) be a Riemannian manifold. Then we have 


= (Vx.r.) + 1 + (e/.)^t> '^sradh) 

- AfAXi (In/i)Fi(In fi))Agradf2r 


(43) 
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Vx, 


f!^g2{X2,Y2Y 




{gradhf 


(44) 


'x^ 


Y,- = S/y^^X^ = + (Xi(ln/j)V,-, (45) 


□ 


Where is the Hessian of f\. 

Proof. It follows directly from Koszul formula and Equation (40). 

4.2. The Laplacian of the lifts to Mi and M 2 - 

Theorem 4.2. On a generalized warped product {M.^ -^ 2 i^/i/ 2 ) with m.^ = 

dimM^ and = dimM^, Let : Mi — >■ M and • -^i — >■ R &e a smooth 
functions. Then the Laplacian of the horizontal lift ip otti of p.^ (resp. vertical lift 
p.^ o 712 of (^2 ) to X M2 is given by 

" TW^) - 


+H‘f’^gradfi,gradfi)^ - +( 0 ^)%^ ^^ {gradfi , gradfi )^ ^ 

c^f2biigradf2ip2)Y 

1 + (cf^^b^i 


(46) 


(47) 


^(^2) = ^[MT2r 

Where bi = WgradfiW^. 

Lemma 4.3. On (M^ x M^, "L®!’ ^ local frame field with 

respect to the metric and ..., } is the local frame field with respect 

to the metric g^, then {uj,..., ..., } is the local frame field with 

repeat to the metric hf^f^, where 


_ Of 2 ) _|_ „/l 

T+{cf^pHf i ’ 


1 e" 

TT 


i e {1, ...,mj; 
i G {mi + 1,., mi + m 2 }. 


(48) 


And for i G {!,..., mi), 
1 


i-l 


i-1 


u', l|u'lP = 


1 + (c /2 )^^lXl D 2 „ If 1 

■v\2mh ’ — / Pi ^ Yi — 2_aiei, Oi — eAfO. 

i=i i=i 


1 + (c/|)2i?f 


Proof. For the proof of the lemma it is actually almost the most interesting result 
because it provides an algorithm for constructing {itj,..., ,..., } 

from the family {e^,...,e^^} et ,..., }. 

To do so, we use a limited recurrence (The Gram schmidt process)(see Lemma 3.5). 

□ 

Remark 5. With the notations above, we have 

1) Ti is the zero vector field on Mj^, Ri is the zero function on M^ and Ami+i is 
the care of the gradient of . 

2) For any i G {1,..., mi + 1} 

f TAfA) = A^= g(r^,Ti), 


•'(/f) = 


i+OHAbA 


(49) 













NON-DIAGONAL METRIC ON A PRODUCT RIEMANNIAN MANIFOLD 


17 


Lemma 4.4. With the notations above, we have, for all j G 




( a ^)2 \ , 1 + 


',1=3 + 1 


(1 + {cf^YB^){l + {cf^YB^.^) 1 -f (c/|) 2 i?: 


v\2 jiih 

^ = 1 - 


h\2 




B+i 


1 + {cf^Ybi ’ 

(50) 


{cHf E 


(<) 


Ii\2 


1 


-1 


0=i+i 


(1 + {cf^YB^)Y + (cf^YB^+Y j 1 + {cf^YB'f+, 1 + {cf^Yb\ 

(51) 

Proof. The proof is the following partial analogue of Lemma 3.7. □ 

Proof of Theorem 4.2 

The proof of the theorem is a very long calculation, that will be omitted here. 
Now, we calculate the Laplacian of the lifts ipf of ipi, using Lemma 4.3. 

mi+m 2 

HPi)= E ^fif2i^u^9rad{(pY,Uj) 

3 = 1 

mi mi+m 2 

= ^^hh{^ n,9rad{iYl),uY +E hf^f^Vu^gradi^pY^Uj) 

3=1 j^mi +1 

mi ^ ^ mi+m 2 

""E + (tk)^ E e-gradiipY.e,)) (52) 

j=i II B 

Calculate, the seconde term on the right-hand side of the last equation above 

, 1 J, h\ v\ m2{gradfi{pi)Y 

” flY + Yf2Yb\y 

Calculate, the first term on the right-hand side of Equation (52). Straightforward 
calculation using Lemmas 4.4 gives 

mi ^ mi 

E TuTp bfi h Y^W. grad{ip \), u') = E hf^ (V^h grad{Yl )Wj) 

3 = 1 3 = 1 

= ^hf^fY'^^Hgrad{p'l),e'j) - 7 —7777177:%/ 2 grad{Yl),{gradfiY). 

^ " l-|-(c/2) Ol (.9r„dfi)h 

Using Proposition 4, we obtain Equation (46). 

The seconde assertion is similar. 

Corollary 3. Let {Mi,gi) (i = 1,2) be a connected riemannian manifolds. If fi is 
a harmonic function such that gradfi Y Oj then /(* is harmonic if and only if 

1 . 


c 7^ 0, f2 is a constant function and {^gradfi, gradfi) = 1712^1 (&i 

If /2 is harmonic function, then f^ is harmonic if and only if 
c = 0 or (/i or /2 is a constant function). 


c^fr' 
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Proof. As a direct consequence of Theorem 3.4. 


□ 


4.3. The Curvature tensors. Let TZ{i = 1 , 2 ) and TZ be the Riemannian curva¬ 
ture tensors with respect to g and respectively. In the following proposition, 

we express the curvature TZ of the connection V in terms of the warping functions 

1 2 1 2 

fi, /2 and the curvatures TZ and 7?. of V and V respectively. 

Proposition 5 . Let {M.,g ), {i = 1 , 2 ) be a connected Riemannian manifold and 
let fi G be a non-constant positive function. Assume that the gradient 

of fi is parallel with respect to V (i = 1 , 2 ). Then for any Xi,Yi,Zi € T(TM.) 
{i = 1 , 2 ) we have 


TZ{X^\Y^'’)Z^^ = (n\X2,Y^)Z^)'’ - {(^2 A,, ^ 2 )^ 2 }" 

+ (i+(cl?bV ^9radh)\ 


n{Xi^,Yi'^)Z2" =0, 

h _ cV“bi(Z(/i))'‘ 


7^(A2^y2“)yl" = {(^2 A,, r2)w/2r, 

7^(Al^y2")^l" = i9radf2)\ 

7^(Al^y2")^2" = ii 9 radf 2 A,, ^ 2 )^ 2 )" - {gradf,)'^ 


where the wedge product {X2 Ag^ >2)^2 = 52(^2, ^2)^2 — 32(^2, ^2)^2- 

Proof. Long but straightforward computations using Proposition (4) and Lemma(4.1). 

□ 


As direct consequence of Proposition 5 we obtain 

Corollary 4 . Let {M^,g ), [i = 1 , 2 ) he a Riemannian manifold. Assume that the 

1 

gradient of fi is parallel with respect to V. If (A/i x M2,ti/i/2) is flat then the 
base {Mi,gi) is flat and the fiber (M2,92) is space of constant sectional curvature 
k — ^1 

- l + icf^Pbi ■ 

Now consider the Ricci curvature Ric of a generalized warped product, writing 
(Rici)^ for the lift (pullback by tti) of the Ricci curvature of Mi, and similarly for 
{RiC2)Y 

Proposition 6. Under the same assumptions as in Proposition 5 , let TZici, TZic2 
and TZic be the Ricci curvature tensors with respect to g^, g^ and h^^^^ respectively. 
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let Xi^Yi G r (T) and X 2 , ^2 & T (T ), then we have 
TZiciXtY,^) = Kici{Xi,Yi)^ - l+(f/f)2fc, ^l(ln/l)'^yl(ln/l)^ 

ntc{X'^,Y^n = %^MXl(ln/l)^r2(/2)^ 


ntc{X^,Y-) = niC2{X2,Y2r + ^^^^£l^X2{f2rY2{f2r - lSl^52(X2,r2)^ 


Where m 2 = dimM 2 . 


Proof. Long but straightforward computations using Propositions (4, 5) and Lem¬ 
mas (4.1, 4.3 and 4.4). □ 


Corollary 5. Under the same assumptions as in Proposition 5, let Si, S 2 and S be 
the scalar curvature with respect to g^, and gf.^f^ respectively. Then the following 
equation holds 

C _ c/i I 1 m 2 {m 2 -l)bi 

o -0i+jj^02 + 

Proof. Follows from Propositions (4, 5) and Lemmas (4.1, 4.3 and 4.4). □ 


Corollary 6. Under the same assumptions as in Proposition 5, let (XIi,gi) (i = 
1,2) be a riemannian manifold with constant sectional curvature ki. Then 


S{pi,P2) 


TOi(mi — l)ki -I- 


7712(^2 — 1) 
fiiPiY 



WgradfiWp^ 

1 + {cf2{P2)Y\\gradfi\\ 



Proof. We know that if (M^, gf) (i = 1,2) have constant sectional curvature ki, then 
Si{pi) = mi{mi — l)ki. By Corollary 5 follows. □ 
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